In hepatitis C virus (HCV) epidemiological studies, the estimation of progression to cirrhosis and prognostic effects of associated risk factors is of particular importance when projecting national disease burden. However, the progression estimates obtained from conventional methods could be distorted due to a referral bias [11] . In recent years, several approaches have been developed to handle this epidemiological bias in analyzing time-to-event data. This paper proposes a new estimation approach for this problem under a semiparametric proportional hazards framework. The new method uses a martingale approach based on the mean rate function, rather than the traditional hazard rate function, and develops an iterative algorithm to estimate the Cox regression parameter and baseline hazard rate simultaneously. The consistency and asymptotic properties of the proposed estimators are derived theoretically and evaluated via simulation studies. The new * Corresponding author. Email address: hdaia@essex.ac.uk (Hongsheng Dai).
Introduction
In hepatitis C virus (HCV) epidemiological studies, unbiased estimation of progression from HCV infection to a particular outcome event of interest, such as liver cirrhosis, is of considerable importance when projecting national HCV disease burden [2, 7, 11, 17, 20] . However widely varying estimates of progression rate have been reported, mainly due to the referral bias in hepatitis C epidemiology [8, 9, 10, 11, 27, 29] . Clinically the patients with more rapid disease progression are preferentially referred to specialist clinics at later stages of disease [11] . If so, the conventional analysis based on liver clinic cohorts will lead to a biased estimate of the progression rate among the HCV patient community [9, 11] . [10] proposed a pseudo score weighting approach to correct the estimation biases and recover the parameters. However, its performance depends on strong assumptions about referral patterns and a sound estimate of the selection probability. It may be difficult to justify the assumptions about referral patterns in practice.
To reduce the uncertainty involved in the assumptions, [6] modeled such referral bias under a survival analysis framework with truncation. Consider the data set studied in [11] , where 387 HCV-infected individuals were recruited from Edinburgh Royal Infirmary's liver clinic by the end of 1999. An individual's information is only available if he or she was referred to the clinic cohort before the end of study recruitment, that is, the observed data is subject to a univariate truncation R ⩽ L [6] . Here R is the period from infection to referral to the liver clinic and L is the time from infection to the end of recruitment. Our main interest is the incubation period (time T ) from HCV infection to development of cirrhosis, which is subject to right censoring at C, the time from infection to last diagnosis (such as an invasive biopsy test) follow-up. The event times (R, T ) are correlated, because referral is increasingly likely the closer a patient is to developing cirrhosis [11] . [6] proposed a new approach by transforming the epidemiological bias problem to a nonparametric bivariate survival analysis modelling with the presences of both censoring and truncation and proposed new estimators for the bivariate distribution function based on the idea of a polar coordinate transformation [5] .
To further study how the progression risk (hazard rate) of the cirrhosis event is
affected by risk factors, [29] proposed an accelerated failure time model to obtain a robust debiasing estimate for the effect of covariates by modelling the dependency of outcome event time on referral time. The proposed method in [29] , however, cannot deal with time-dependent covariates, which may be a constraint for its application since the incubation time from HCV infection to cirrhosis usually lasts for a quite long period (more than 10 years) and time-dependent covariates are often available as potential predictors over follow-up. More recently, [27] developed a maximum likelihood estimating approach for this referral bias problem using parametric Weibull regression models.
In this paper, we will develop a new estimation approach under Cox proportional hazards framework for modelling time-to-event data with referral bias, where time-dependent covariates are also allowed. For the pair of time-to-event variables (R, T ) discussed above, we consider the following survival model for the hazard function of T , the cirrhosis time,
where W (t) is a possibly time-dependent p-dimensional covariate vector, t − means the left limit, β = (β 0 , . . . , β p ) ⊤ and Λ 0 is a completely unspecified continuous baseline cumulative hazard rate function. Note that if one is interested in the cross-ratio function estimation, the method proposed in [14] is applicable for such censored and truncated data. We here focus on the estimation for the above hazard rate function for T , which is the main interest in this application [29] . For model (1) , if the cirrhosis time T itself is subject to both censoring and truncation, we can use the methods proposed in [12, 22, 23] and [25] . For the analysis of lengthbiased data, which may appear in observational studies where the observed samples are not randomly selected from the population of interest but with probability proportional to their length [24] , recent research includes [3, 15, 16, 18, 19, 28] .
[4] considered nonparametric analysis of bivariate left-truncated competing risks data. However, all these methods are not applicable in our study because of a different censoring and truncation framework.
The main challenge in our study comes from the correlations between T and R (referral is increasingly likely the closer a patient is to developing cirrhosis) and between C and L (the last diagnosis time for cirrhosis is usually close to the end of study recruitment). For analysing bivariate time-to-event data, some recent works include the frailty models in [30] for censored data and the new copula models under interval sampling in [32, 33] . In this paper, we model the correlation between R and T and the correlation between C and L through a non-parametric approach, instead of using parametric frailty or copula methods. We will propose a new likelihood estimation approach, where the parameter β and Λ 0 will be estimated simultaneously via an iteration algorithm. We will show that such an iterative algorithm will give a consistent estimate.
This paper is organized as follows. Section 2 introduces the notations and the likelihood function and develops the estimation algorithm. The large sample properties of the estimates are also given in this section. Monte Carlo simulation studies and a real data analysis are provided in Section 3 and Section 4, respectively. Section 5 gives a discussion for further research work.
Methodology

Preliminaries
We follow the notations in the previous section. The cirrhosis time T with hazard rate function (1) is of our main interest. Throughout this paper, we assume that (L, C) is independent of the bivariate event times (R, T ) and assume that
is independent of (L, C), similar to [29] . Such an assumption is reasonable in this particular application, since the truncation time L (end of recruitment) is determined independently before the study and the censoring time C (last followup time) is usually a certain period after L. Therefore both L and C are not related to the individual information R, T and W . Such an assumption is also necessary in the theoretical aspects. This is because if (L, C) and W are correlated then
we would need to model their relations, say via a bivariate proportional hazard models for (L, C) and W . However, this will be very challenging since (L, C) are under both truncation and censoring (see the discussion in Section 5). We will focus on model (1), the proportional hazard model for the univariate variable T , but use the information R to remove the selection bias (truncation bias).
We denote X = min{T, C} and δ = I(T ≤ C). Subjects for the whole HCV-
Since only patients with R ≤ L can be observed, we denote the ith observed data as
. In our study, we also assume that Pr(R ≤ T ) = 1, which means that a patient will be referred to hospital before he or she develops a severe cirrhosis event [29] . Note that throughout this paper, we use letters without subscript i, such as X or L, representing an object in the whole population and letters with a subscript label, such as X i or L i , representing observations from the study sample (subject to truncation).
Define 
where
In the right-hand side of equation (2) This is because our main interest is to study the marginal hazard rate of T and its relation with covariate W . The referral time R is mainly treated as a confounding factor (not having causal effects on T ) and it leads to the selection bias due to truncation. Therefore the information of R is used only when we estimate G and γ to remove the truncation bias in the analysis.
We view {d N i (t), 0 ≤ t < ∞, i = 1, . . . , n} as the observed data. If the joint survival function G and the truncation probability γ are known, then the 0-1 valued
Bernoulli random variable d N i (t) has probability of being 1 as E{
which can be further written as, using the product integration theory in [13] ,
Equation (4) is the full likelihood for β and Λ 0 , if G and γ are treated as known.
This likelihood function does not involve R i , since the information of R i is not needed if G and γ are given. We will demonstrate in later sections that R i will only be used when we estimate G and γ.
A formula for Λ 0
In this subsection, we provide a very important formula for Λ 0 , which will be used to motivate the new estimation method. In practice, to estimate Λ 0 we can use a piece-wise right-continuous function, which only has positive jumps when ∑ i N i (s) has jumps. This is reasonable and necessary since from (4) we know that Λ 0 (ds) is only identifiable when ∑ i N i (ds) is not 0. Therefore we can treat Λ 0 as a function with only a discrete number of parameters (the sizes of its jumps) to be estimated. Given any fixed β, γ, G, the estimating equations for Λ 0 (ds) is
for s ≤ u, and from the estimating equations
= 0, we further have
] .
Given β, γ, G, the above equation (5) for Λ 0 can be solved numerically using recursive algorithms. Such iterative algorithm, however, is not computationally efficient. Therefore, for simplicity, we consider the following approximation formula
Estimation for β and Λ 0 and large sample properties.
Equation (6) motivates us to consider the following simple working-likelihood function. Replace Λ 0 in (4) with (6), the likelihood function L n becomes
This implies that we can consider the following log-likelihood function
Then we have the following theorem. Proof is provided in Appendix B. In practice, it is computationally inefficient to calculateβ andΛ 0 by directly maximizingL n . Instead, we can find the estimates for β and Λ 0 via iteration algorithms. Given Λ 0 , the estimate for β can be found by solving the following estimating equations (by taking partial derivatives for logL n over β),
where Λ
(1)
Given β, for simplicity and motivated by equation (6) we can find an estimateΛ 0 by solving the following recursive formulâ
HereĜ andγ are consistent estimates for the true parameters G * and γ * . Therefore we consider the following Algorithm 1 in practice.
Algorithm 1 Algorithm for estimating Λ 0 and β.
Given consistent estimatesĜ andγ, with starting pointβ
, calculateΛ
by solving (8)
, solve equation (7) to getβ
converge to someΛ 0 andβ OutputΛ 0 andβ as the estimate The estimatesβ andΛ 0 , obtained from Algorithm 1, are asymptotically equivalent to solve equations (7) and (8) simultaneously. Such estimatesβ andΛ 0 are equivalent toβ andΛ 0 (given in Theorem 2.1) for large enough n, since the pair (β,Λ 0 ) asymptotically satisfies equations (7) and (8) Note that consistent estimatesĜ andγ can be obtained via the method in [6] .
Theorem 2.2. The asymptotic distribution for
The formula for
is given by equation (13) .
An estimate for Ψ(β * , Λ * 0 , G * , γ * ) is given by Ψ n (β,Λ 0 ,Ĝ,γ) and an estimate for σ 2 Λ (t) is given by (details in the supplementary file)
+2
with J i and I n given by equations (11) and (12) respectively.
Monte Carlo simulations
In this section, we evaluate the finite sample performance of the proposed methods via Monte Carlo simulations. We choose a small sample size n = 100 and a larger sample size n = 300. All simulation results are based on 500 replicated simulations. Truncation times L and censoring times C are generated respectively 
Scenario 1
We consider a time 
The constant e, reflecting the correlation level between R and T , is chosen as e = 0.8. This gives a 0.9-correlation between T and R and such a strong correlation is very similar to the real data analysis provided in Section 4. We choose
The simulation results are presented in Table 1 (n = 300) and Table 2 (n = 100). In the tables, the empirical estimates, empirical standard deviation (ŝ β ), and the average standard deviation estimates (σ β ) for the proposed estimates ofβ are reported. The tables also present the coverage probabilities of 95% confidence intervals constructed based on the normal approximation. As shown in Table 1 , the estimateβ based on the new method are virtually unbiased and that the variance estimates agree with the empirical variances quite well. The coverage probabilities also show that the variance estimates forβ work well. Table 1 Note that, the coverage probability of the standard Cox's regression model in Table 1 (sample size n = 300) is much smaller than that in Table 2 (sample size n = 100). This is reasonable since the standard Cox's regression analysis actually uses the biased data set (without considering truncation) and therefore gives a biased estimate. Therefore, the larger the sample size, the more significant bias of the estimate (the smaller of the coverage probability). 
Scenario 2
In the second simulation scenario, we consider the same time varying covariate W 1 (t), time-independent covariate W 2 and W 3 and the same baseline hazard rate function, as those in the previous section. The survival times R and T are generated as follows, under a different correlation structure from that in Scenario
, where ξ follows the standard exponential distribution and R is drawn from a gamma(3ξ, 5). The correlation of R and T is about 0.55, which represents a much weaker correlation between R and T than that in Scenario 1. We choose the same true parameter values as that in Table 3 and Table 4 . 
A real example
We apply the proposed method to the Edinburgh hepatitis C data previously studied in [11] . The aim of our study was to determine how the progression risk (hazard rate) of the cirrhosis event is affected by the three risk factors: age at infection, HIV co-infection (yes:1 or no:0) and heavy alcohol consumption (yes:1 or no:0). The cirrhosis event T may be censored and the correlated referral event is right-truncated.
In an earlier paper, we proposed an accelerated failure time model for censored survival data under referral bias for this application [29] , where Schoenfeld residual analysis [21] indicated that the proportional hazard assumption is likely to Figure 3 , which implied that both β 3 (for heavy alcohol consumption) and β 4 (for the interaction of alcohol with time) are almost constant over time. Table 5 summarizes the estimates of regression parameters obtained from our method. The results from the truncated model, where the referral bias is considered, show that age at infection (β 1 ), HIV co-infection (β 2 ) and heavy alcohol in-take (β 3 ) are significantly identified as risk factors associated with more rapid disease progression to cirrhosis. The interaction effect of heavy alcohol assumption and time has a negative estimate −0.043, but it is not significant. It implied that the effect of heavy alcohol consumption is slightly decreasing during the disease progression although the change is not significant. 
Discussion
Under the proportional hazards model framework, we presented a likelihood procedure for the estimation of the coefficients for time-varying covariates and the baseline hazard function under referral bias. The challenge in our study is the referral bias, which is due to a random right-truncation on a time event R which is highly correlated to the time event T of main interest. The proposed method deals with the truncation bias via a nonparametric approach. The asymptotic results are developed and our simulation studies indicate that the proposed method has good statistical properties.
We applied the new methods to a real HCV cohort study where traditional analysis without taking into account referral bias often gave biased estimate for the effects of risk factors ( see [10, 11] ). Such referral bias often happens in chronic disease epidemiology cohort studies, where entry into the cohort is dependent on a subject's progression to an event of interest and patients are more likely to be referred to specialist clinics at later stages of disease ( see [11] ).
This paper only focused on dealing with the analysis for the main survival events. In such long-term epidemiological studies, repeated outcome measurements for each subject may also be available and of interest. It would be interesting to extend the method developed here to a joint modelling framework for survival events and longitudinal measurements. In addition, because chronic disease epidemiological studies usually last a long period of time, certain time-independent variables may have time-varying effects. It is also of interest to develop new methods to deal with time-varying coefficients [26] . These are left to future work. Another possible future research work is to extend the proposed methodology to handle other types of sampling bias, for example the length-biased data [24] .
Another possible future research work is to consider (R, T ) and (L, C) are conditional independent given W , for appropriate application problems. Because that (R, T ) and (L, C) are truncated or censored by each other, we need to model the relation of (R, T ) and W and the relation of (L, C) and W simultaneously.
When using the inverse probability weighted method to remove the truncation bias, the joint distribution G of (L, C) will depend on W . This will raise further challenges in the iteration algorithms. In addition, the truncation probability will depends on W , i.e., γ = Pr(R ≤ L|W ). This truncation probability will depends on how (R, T ) and (L, C) are modelled with respect to W . New methods need to be develop to estimate such truncation probabilities. However, if (L, C)
is independent of W , the truncation probability can be estimated based on the
, and the proposed method in this paper can be easily extended to such cases.
A Proof of equation (2)
Proof. Because of the assumption Pr(
.
From the independency assumption of (R, T, W ) and (L, C), we have
B Proof of Theorem 2.1
Before proceeding to the proof of Theorem 2.1, we introduce the following lemma. 
Proof. It is straightforward to prove the lemma, if we view y i / ∑ j y j , i = 1, . . . , n as a probability distribution for the values z i = x i /y i , i = 1, . . . , n. This is because
which implies that the lemma is true. 
We can rewrite the above formula as
Then with Lemma B.1, we have that Z n (β, Λ 0 , ds) ≤ 0 for any (β, Λ 0 ). On the other hand it is obvious that Z n (β, Λ 0 , ∞) and
which has the same maximum point as lnL n (β, Λ 0 ), since they are only different in a constant. Clearly lim(X n − Z n ) = 0 since X n − Z n is a martingale, and further
Thereforeβ,Λ 0 , the maximum point for logL n (β, Λ 0 ) (or the maximum point for X n (β, Λ 0 , ∞)), converges to the true parameter value β * and Λ * 0 , the maximum point of Z, under the mild assumption that (β * , Λ * 0 ) is the unique maximum point for Z.
C Proof of Theorem 2.2
First we define, for u ≥ s,
By the first-order Taylor expansion of the score function U n (β, Λ 0 ) around the true value β * , Λ * 0 (ds), we have
and 
The notation a ⊗ b denotes the outer product of the two column vectors a, b.
Then according to U n (β,Λ 0 ) = 0 and (8), we have 
= n
The asymptotic normality can be proved similarly forΛ 0 , based on the equation (10) . □
